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Using the concept of the anisotropy of the mean  free path length we study the t ransi t ion 
f rom continuous to raref ied  flow for spherical  and cylindrical  gas sources  for rigid and 
Maxwellian molecules.  

We know that when a jet flows into a vacuum (for example, [1-6]), the continuous medium gradually 
becomes coll isionless,  while the tempera ture  and the Mach number tend asymptot ical ly  to constant "frozen" 
values. This conclusion is derived f rom both isotropic (spherically symmet r i c  in the velocity space) [2, 5] 
and ellipsoidal [3, 4] distr ibution functions, inthe latter case the anisotropy of the flow being descr ibed by two 
tempera tures :  longitudinal T[[ and t r ansve r se  T• 

In this paper the anisotropy of the flow is charac ter ized  by the fact that the molecules on average  
t r ave r se  different parts  of the mean free path in different directions. The concept of the anisotropy of the 
mean f ree  path length was used previously by Kogan [1] to investigate flow past a flat plate. 

The most  approximate assumption in this paper is that the distribution function (for the case of rigid 
molecules) is locally Maxwellian and that the gas-dynamic  pa ramete r s  a re  the solution of the corresponding 
Euler equation. But the result ing values of the radius of t ransi t ion f rom a continuous medium to a r a r e -  
fied medium of "frozen" tempera ture  and Mach number are  close to the values found by other methods 
[3, 5, 6] for  spherical  and cylindrical  sources .  In addition, the discussion given below can be used for  the 
anisotropy charac te r i s t i c s  and to determine the "boundaries" of the continuous flow for a jet of a rb i t r a ry  
shape if we have found all the Maxwellian pa ramete r s  for the jet. 

We define the anisotropy of the mean free path length l of a test molecule using the equation 

l 

S d__g_g = 1, (1) 
ni< ~ > 1 c 

0 

where d y / c  = dx/~ is the differential of the flight t ime of the molecule in coordinate sys tems  connected 
respect ively  with the moving gas or with the source  (Fig. 1) and ~g is averaged over the velocity space 
of the field molecules  and depends on the velocity c of the test  molecule. The lat ter  can be chosen, for 
example, equal to the mean velocity <c> at the point r of escape (the point of the "last" collision) or as 
the velocity of any group of molecules.  The anisotropy of the mean free path length introduced by Eq. (1) 
is a function of the point r in the flow, the direct ion through that point, the flow paramete r s  (~, Kn 0 in the 
re tarded gas, etc.), and the law of in termolecular  interaction, since ~ ~ g - 4 / ( s - l )  [7]. In part icular ,  
for  Maxweltian molecules  (s = 5), ~g is independent of the relat ive velocity for any distribution function 
and it can be taken outside the integral  sign in (1), for rigid molecules (s = ~), ~ = const and (crg> = cr (g>. 
When n = const, cr = eonst, and (g> = ~r2 <c> (a homogeneous gas at rest),  there follows f rom (1) the usual 
express ion for an isotropie mean free path l i = (4-2 o-n) -1 

By (1), the anisotropy of l becomes marked when the flow pa ramete r s  in the integrand vary  signifi-  
cantly along the mean free path (a s imi lar  situation also occurs  in a shock wave). In this sense the defini- 
tion (1) of an anisotropic  mean free path length is ra ther  formal ,  but the fo rmal i sm is justified by the 
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Fig.  1. Computa t ional  s c h e m e  for  cy l -  
ind r i ca l  (0 _< X -< 7r/2) and s p h e r i c a l  
(• = 7r/2) s o u r c e s .  

c l a r i ty  with which the pa t t e rn  is v i sua l i zed  and the qua l i -  
ta t ively  t rue  r e su l t s ,  the val idi ty  of which is  conf i rmed  by 
c o m p a r i s o n  with o ther  theor ies .  

Equat ion (1) def ines  l fo r  any flow and any d i s t r ibu t ion  
function. In what  fol lows,  fo r  r ig id  mo lecu l e s  we take  a 
loca l ly  Maxwel l ian ve loc i ty  d i s t r ibu t ion  funct ion f(r ,  ~) = (h 
/v )3 /2  exp [-h(~ - ~)2] and by way of examples ,  cons ide r  
sphe r i ca l  and cy l ind r i ca l  f lows of inviscid  nonhea t -conduc t ing  
gas  (rigid and Maxwel l ian  molecu les ) ,  the m a c r o s c o p i c  
p a r a m e t e r s  of which,  on the " son ic"  s u r f a c e  of the s o u r c e s  
R = R ,  have c r i t i ca l  va lues  V = a , ,  T = T , ,  p = p, .  At a 
suff ic ient  d is tance  f r o m  these  s o u r c e s  (r >> 1) the ve loc i ty  of 
the m a c r o s c o p i c  mot ion  is cons tan t  to o r d e r  O(M -2) (hyper-  
sonic  approximat ion) :  

1 

._V_V ( ~ + 1  ~,/2 ( T/~---"~- : to n _ C 

a, - \  •  / ' [ T o /  Po no r ~ ' 

l 

( 2 ~--~i-( ~ - - 1  ~,/z <c> 2V/=X. 

(2) 

Spher i ca l  Source  (v = 2). Maxwell ian Molecu les  (s = 5)- In this c a s e  for  any d i s t r ibu t ion  function,  
us ing  (2) and the g e o m e t r i c a l  r e l a t ions  fol lowing f r o m  Fig. 1 (for • = ~r/2), the in teg ra l  (1) can be evalua ted  
in t e r m s  of e l e m e n t a r y  funct ions  and the m e a n  f r ee  path can be e x p r e s s e d  as  

t sinO tg (Qs inO+arc tg  s i l o  ) b 
r a 2 a 2 

(3) 
c l o 2~o Q = r - -  , lo = -  

( Co > C Po < Co > 

It is ea sy  to see  that  t he re  is a se t  of points  r~(0) such  that  the tes t  mo lecu le  does not expe r i ence  any 
fu r t he r  co l l i s ions  when it l eaves  them in the d i r ec t ion  0 (as a r e s u l t  of i ts  "penul t imate"  col l is ion) .  Put t ing 
l = ~ in (3), we obtain the following t r anscenden ta l  equat ion for  rr 

s~ I = sin 0 tg -1 (Q | sin O) - -  cos O. (4) 

In pa r t i cu l a r ,  when 0 = 0 and 0 = lr we have 

Q| (8~' _+ 1 )=  1. (5) 

Since we a r e  cons ide r ing  a r eg ion  of flow where  r >> 1, we have e~o << 1, and the two rad i i  r~(0)  
and r=0r)  defined by Eq. (5) d i f fer  by an  amount  O(eoo); the r ad ius  r F l ies between them,  obtained f r o m  the 
s a m e  equat ion if in it we neglec t  unity by c o m p a r i s o n  with e~o I. It is  i n t e re s t ing  to note that  the l a t t e r  is 
a l so  obtained f r o m  the l - c  c r i t e r i o n  of [5], based  on an  i so t rop i c  m e a n  f r ee  path length li  -= 2 ~ / p ( c ) .  In 
what  follows it is useful  to wr i t e  r F for  both flows under  cons ide ra t ion  and an  a r b i t r a r y  power  law r e l a t i on  
be tween the v i s c o s i t y  and the t e m p e r a t u r e  ~z ~ T O) (w = 1 for  Maxwel l ian  and r = 1 / 2  fo r  r ig id  molecu les ) :  

\ x - - l ]  lo, 

= 'v (• - -  1) ((o - -  1) - -  v + I ,  [ 5 = [ 2 - -  ( •  1) (2,.o - -  1)] [2 (•  - -  i ) ] - x  , (6) 

= 1/2 [ 2 - - ( •  1)(o~- 1)] . 

Thus,  f o r  r F > r >> 1, to o r d e r  O(e), we have Q = e << 1, a = b = e -1, so that  (3) can  be s impl i f ied:  

�9 l = p  . _ _  
f3--~ 

x+l 
( 8  / t/2 x - 1  
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Fig.  2. M e r i d i o n a l  s e c t i o n s  of the 1 (r, 0 ) - s u r f a c e s  n o r m a l i z e d  by l (r, 
~): a) s p h e r i c a l  s o u r c e ;  Maxwel l i an  m o l e c u l e s ,  Eq. (3); u = 5 / 3 ,  l 0 
= 10 -5 , r F = 23,176; 1) r / r  F = 0-0 .9 ;  l ( r ,  7r) = 120; 2) 0.99 and 1231, 
r e s p e c t i v e l y ;  3) 0.999 and 6327; 4) 1.0 and 11,581; b) r ig id  m o l e c u l e s ,  

Eq. (8), r F = 333; 1) r / r  F = 0.5; l ( r ,  7r) = 1.23; 2) 0.6 and 2.07, r e -  
spec t ive ly ;  3) 0.7 and 3.58; 4) 0.8 and 6.59; 5) 0.9 and 15.2. 

F r o m  this  we see  that  in  the ca se  of Maxwel l i an  m o l e c u l e s  far  f r o m  the s o u r c e  t h e / - s u r f a c e s  a r e  n e a r l y  
s p h e r e s  of r a d i u s  i n c r e a s i n g  m o r e  r ap id ly  than  for  a n  i so t r op i c  m e a n  f r ee  path 1 i ~ r 3-~t .  When  r is  c lose  

to r F ,  t h e / - s u r f a c e s  a r e  s t r o n g l y  e longated in  the d i r e c t i o n o f  the flow and,  f ina l ly ,  when r = r~(0)  ~ r F ,  
the l - r a d i u s  c o r r e s p o n d i n g  to 0 = 0 b e c o m e s  in f in i t e ly  l a r g e  (Fig. 2a). 

Rigid  Mol ecu l e s  (s = ~). In this  c a s e  (~g>l = cr (g>l. To s impl i fy ,  we a s s u m e  f u r t h e r  that  the f ield 
m o l e c u l e s  do not  have t h e r m a l  v e l o c i t i e s ,  c i - 0 (more  exact  ca l cu l a t i on  shows that  this  a s s u m p t i o n  i n -  
t r o d u c e s  a c o m p a r a t i v e l y  s m a l l  e r r o r ;  in  g e n e r a l  i t  does not  affect  the pos i t ion  of the bounda ry  of the con -  

t inuous  med ium) .  Then  (g)l = gi, whe re  

2 1 q- s ~ s dy = cos 0 - -  ~ 1, (7) 

and (1) can  be e x p r e s s e d  in  t e r m s  of the e l l ip t i c  i n t e g r a l  of the second kind E(6, q): 

I--2--~ rsinO = [(a q-e-X)E(~, q ) - -  
2C [ 

6 =  a+e-x_ m/ 1--cos  sin 
~/2 l /  a ~" + e -~ - -  2 as -1 cos 

a S (y/r) -~ b 
a cos c~ = 

1/a  ~ (y/r) 2 q- 2b (y/r) + 1 

2a sin g ] ~* 
3 V a ~ + e -~ --2 as -1 cos ~ ~t 

2 ( a  (s) 
, q =  a + 8 - 1  

, lo = 1 
tZO(Y 0 

The l i m i t s  of i n t e g r a t i o n  ~0 and a l  c o r r e s p o n d  to the condi t ions  y = 0 and y = l ;  in  p a r t i c u l a r  cos ~o = b / a ,  

s i n 6  ~ = (a + e- l )~/ (a  - b ) / 2 a .  Pu t t ing  l ( r ,  0) = ~ (al = 5l = E(6I, q) = 0), f r o m  (8) we find an  equa t ion  for  the 
l i ne s  rr 

sin0 (tot| _1_ 2 ) o 
a q - e  -1 I 2C ~ =E(6r  q). (9) 

In p a r t i c u l a r ,  when  0 = 0 and 0 = 7r, f r o m  this  we obta in  an  equa t ion  s i m i l a r  to (5) def in ing  the two 
r a d i i  r~(0)  and r~(Tr) which d i f fer  f r o m  each o ther  and f r o m  r F (of. (6) when u = 2 and co = 1 /2 )  by a n  a m o u n t  
O ( ~ ) .  Near  0 = 7r/2, r~(0)  has  a m i n i m u m  equal ,  to o r d e r  O(e2), to r m = r F / 2 1 / ~ .  

Thus, we can take A = rF(l - 2-I/~) as the scale in determining the width of the transition region. 

Figure 2b gives the meridional sections of the l-surfaces (6), the radii-vectors of each for con- 

venience being normalized by the corresponding value of l (r, 7r) and drawn through the same center. In- 

deed, as r increases, they strongly increase in dimension and elongate in the direction perpendicular to 

the flow, due to the macroscopic dispersion of the molecules Vi - ~ and the associated reduction in the 
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Fig. 3. The t e m p e r a t u r e  a s  
a funct ion of the rad ius  a c -  
co rd ing  to the p roposed  t heo ry  
(curve 1) and a c c o r d i n g  to the 
solut ion of the mode l  Bo l t zmann  
equat ion (curves  2 [3]) ( spher i -  
ca l  source, rigid molecules, 
~< = 5/3, l 0 = 1.47- 10-3). 

r e l a t i ve  ve loc i ty  g. F inal ly ,  when r = r m they "spl i t" :  one of the radi i  b e c o m e s  inf ini tely large .  But in 
d i r ec t ions  n e a r  to the d i r ec t i on  of the s t r e a ml ine ,  co l l i s ions  continue to occu r  and t e r m i n a t e  when r ~ r F. 
When r > r F ,  the t e m p e r a t u r e  and Mach number  b e c o m e  cons tan t  and equal to the " f rozen"  va lues  T F and 
M F. In Fig. 3, T F is c o m p a r e d  with the solut ion of the Bo l t zmann  equat ion obtained in [3]. But h e r e  we 
use  the " t r ans i t i on"  rad ius  r n [3]. T h e r e  is a c o m p a r i s o n  in [5] of M F and the expe r imen ta l  r e s u l t s  of [6]. 

We note tha t  the rad ius  at which the iner t ia  f o r c e s  become  c o m p a r a b l e  with the v i s c o s i t y  f o r c e s  is ,  
a c c o r d i n g  to the e s t ima te  in [8], g r e a t e r  than r F which jus t i f ies  the above d i s c u s s i o n  using the m a c r o -  
scop ic  E u l e r  equat ions.  

Cy l indr ica l  Source  (~ = 1). In this case ,  a s  d is t inc t  f r o m  the spher i ca l ,  the l - s u r f a c e s  a r e  not bodies  
of ro t a t i on  and depend on the angle  of inc idence  X of the plane containing V and c, l = l (r, 0, • (Fig. 1). 

Maxwel l ian  Molecu les  (s = 5). In tegra t ing  (1), we obtain the fol lowing quadra t i c  equat ion for  l: 

a [ l + 2 b ( 1 ) + a ~  ( 1 ) 2 ] ' / : - k a 2  ( 1 - ) + b = ( a + b ) e x p  \ < c  oacI~ " (10) 

Rigid Molecu les  (s = ~). In this  ca se  we have the fol lowing equat ion for  l (when c 1 ~- 0): 

to [ V A __ Ba ln l, A--  Bz @ I / - a -  Ba + lu ]S A - -Bz--  ,/ 
2a -~- = V ~ - - B z  - -  ] f  A----~---Ba + ~'" A } A --Bz § ~ ]b ' 

dr i a ~ (y/r) @ b 
@ ~' l+2b(y/r)+a~(y/r) ~" 

(ii) 

Using (10) and (11) we can show that  l does not b e c o m e  infinite fo r  any value of i ts  a r g u m e n t s ,  i .e . ,  a s  
d is t inc t  f r o m  the s p h e r i c a l  c a se ,  the co l l i s ion le s s  r e g i m e  is imposs ib l e  in the case  of a cy l ind r i ca l  s o u r c e  
(a s i m i l a r  conc lus ion  was  obtained in [2]). However  t he re  is a typica l  r ad ius  r F ,  defined a l so  f r o m  the 
l - c  c r i t e r i o n  [5], such that  when 1 << r << r F ,  l is  p ropor t iona l  to r and when r >> r F it i n c r e a s e s  m o r e  
sha rp ly  (exponentially) with r .  But when r > r F ,  the Eule r  equat ions  b e c o m e  m e a n i n g l e s s  s ince  the effect  
of v i s c o s i t y  a p p e a r s  [8] and the flow m a y  b e c o m e  subsonic  a c r o s s  the cy l ind r i ca l  shock  wave [9, 10]. Using 
(1) we can  c o n s t r u c t / - s u r f a c e s  for  r > r F if we know the s olut ion of  the m a c r o s c o p i c  h y d r o d y n a m i c a l  
equat ions .  

Thus,  the t h e o r y  of the an i so t rop i c  m e a n  f r e e  path length y ie lds  r i c h e r  i n fo rma t ion  on the flow s t r u c -  
t u re  than the 1-c  c r i t e r i o n  [5] (which defines only the "boundary  n of the cont inuous medium) and in this 
sense  it is  a useful  deve lopment  of the i so t rop ic  m e a n  f r e e  path, while r e m a i n i n g  s t i l l  qui te  s imple .  

O-, m 

c ;  f ;  g = 1~1 
-}] 
n, p, T, V, p 

NOTATION 

are the collision cross section and mass of molecule; 

a r e  the t h e r m a l ,  total ,  and r e l a t i ve  ve loc i t i e s  of molecu le ;  
a r e  the n u m e r i c a l  and m a s s  dens i t i es ,  t e m p e r a t u r e ,  m a c r o s c o p i c  ve loc i ty  and v i s c o s i t y  of 
the gas ;  
is  the speed of sound; 
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k 
h = m / 2 k T ;  
L 
R, ~p 
Y, 0 
r = R / R . ;  
y : Y / R , ;  
1 = L / R ,  = Kn 
R .  

is  the ra t io  of spec i f ic  heats ;  
is  Bo l tzmann ' s  constant.  

is  the mean  f ree  path; 
a r e  the coordinate  s y s t e m  fixed to source ;  
a r e  the coordinate  s y s t e m  fixed in the moving gas;  

is the Knudsen number ;  
is  the radius  of source .  

S u b s c r i p t s  

0, *, 1 denote r e spec t i ve ly  the r e t a rded  gas,  the su r face  of the source ,  and the cu r ren t  point on the 
t r a j e c t o r y  of the t es t  molecule ;  

s denotes the exponent of the power in the equation for  the in teract ion fo rces  as  a function of the 
d is tance  between the molecu les ;  
denotes the averag ing  over  the veloci ty  space;  <> 

M = V / a ;  

= c / V ;  
a 2 = b  2 + s i n  2 0 " s i n  2X; 

b = cos 0 + 1 / e  (for a spher ica l  source  • = 7r/2). 
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